We investigate low-energy fluctuations in the real kink crystal phase of dense quark matter within the Nambu-Jona-Lasinio model. The modulated chiral condensate breaks both the translational symmetry and chiral symmetry spontaneously, which leads to the appearance of phonons and pions that are dominant degrees of freedom in the infrared. Using the Ginzburg-Landau expansion near the Lifshitz point, we derive elastic free energies for phonons and pions in dependence on the temperature and chemical potential. We show that the one-dimensional modulation is destroyed by thermal fluctuations of phonons at nonzero temperature and compute the exponent that characterizes the anisotropic algebraic decay of quasicondensate correlations at long distance. We also estimate finite-volume effects on the stability of the real kink crystal and briefly discuss the possibility of its existence in neutron stars.
I. INTRODUCTION
Revealing the nature of QCD at finite temperature and baryon density has been one of the most important challenges in high-energy physics. At low temperature and low baryon chemical potential, the ground state of QCD is characterized by chiral symmetry breaking and color confinement. Under extreme conditions, QCD is known to exhibit novel phenomena, such as deconfinement of color degrees of freedom at high temperature and color superconductivity at high baryon density. These areas are extensively investigated; see [1] [2] [3] for reviews.
Inhomogeneous phases in QCD have been studied for a long time. Pivotal examples include p-wave pion condensation in nuclear matter [4] , a chiral density wave at large N c [5] [6] [7] [8] [9] and crystalline color superconductivity at high density [10, 11] , in close analogy to the Fulde-FerrellLarkin-Ovchinnikov (FFLO) phases of superconductivity [12, 13] . Recently, an exotic phase of dense quark matter in which the chiral condensate forms a spatial soliton lattice has attracted considerable attention [14] [15] [16] [17] [18] [19] , as reviewed in [20] . Initially, a theoretical breakthrough was made in the study of inhomogeneous chiral condensation in (1+1)-dimensional field theories [21] . A general complex kink solution to the Ginzburg-Landau (GL) equation for the chiral Gross-Neveu model was then discovered [22, 23] and its relevance in the phase diagram of the (chiral) Gross-Neveu model was elucidated [24] . The issue of inhomogeneous condensation in (3+1)-dimensional theories was revisited by Nickel [15] who introduced a novel technique for applying the general solution of the Gross-Neveu model to the Nambu-Jona-Lasinio (NJL) model and thereby pointed out the emergence of a onedimensionally periodic chiral condensate in the vicinity of the first-order chiral transition line that appears when limiting to a homogeneous condensate. Considering that higher-dimensional modulations are energetically disfavored against one-dimensional modulations [17, 18] , there is a high chance that one-dimensionally modulated chiral condensates may indeed be the ground state of QCD in a certain range of temperature and chemical potential.
So far almost all studies on the inhomogeneous chiral condensation have been limited to the mean-field approximation and inclusion of collective fluctuations of the order parameter is an urgent issue. It has been well known since Landau's seminal work in the 1930s that in three dimensions a one-dimensional spatial order is unstable against thermal fluctuations. This is known as the Landau-Peierls theorem [25, 26] . The destabilized longrange order leaves its imprint in the power-law decay of the order parameter, characteristic of a phase with quasilong-range order. This is reminiscent of two-dimensional systems with continuous symmetry, in which a longrange order is prohibited [27, 28] and the BerezinskiiKosterlitz-Thouless phase emerges at low temperature [29, 30] .
In this paper, we elucidate various properties of gapless excitations on a spatially modulated chiral condensate in the NJL model. Our analysis is based on the 6th-order GL expansion of the NJL model near the critical point, for which an analytical solution to the GL equation, called the real kink crystal [22] [23] [24] , is available. Because the kink crystal breaks both the translational symmetry along one axis and chiral symmetry, we encounter smectic phonons in addition to ordinary pions. We will derive the elastic free energy of these modes and reveal how they modify the mean-field picture of this phase. While the analysis presented here closely parallels preceding works about fluctuations in liquid crystals [31] [32] [33] and in the FFLO phases of fermionic superfluids [34] [35] [36] [37] [38] [39] , our analysis has a specific focus on quantitative understanding of those gapless modes in the context of dense QCD.
The outline of this paper is as follows. In Sec. II, we develop a general argument for low-energy fluctuations over a one-dimensionally modulated order parameter. In Sec. III, the GL-expanded NJL model is analyzed. We first derive the free energy for the translational phonon mode and argue that thermal fluctuations of phonons wash out the modulated condensate and lead to a phase with quasi-long-range order. Next we derive the free energy of pions. Finally, Sec. IV is devoted to concluding remarks. Some technicalities are summarized in the Ap-pendixes.
II. SYMMETRY CONSIDERATION
When a chiral condensate is modulated along one dimension, the phonon mode (u) appears as the NambuGoldstone (NG) mode of translational symmetry breaking, in addition to pions (π). In the real kink crystal phase discussed later, the vectorial isospin symmetry SU(2) V is unbroken and there is no mixing between phonons and pions. Therefore, the symmetry breaking pattern reads
in addition to the chiral symmetry breaking pattern,
Here R d and SO(d) denote the d-dimensional translational and rotational symmetry groups, respectively. The discrete symmetry includes a discrete translational symmetry along the modulated direction of the condensate as a subgroup, which is a remnant of the translation R in this direction. Other elements of the discrete group depend on the shape of the kink crystal 2 . In this symmetry breaking pattern, two rotational and one translational symmetries are spontaneously broken. We note that there appears no gapless mode associated with the broken rotational symmetry. In general, the number of NG modes does not coincide with that of broken global spacetime symmetries [40] [41] [42] .
In the remainder of this section, we present a general discussion on the effective low-energy theory of phonons (see also [25, 31, 32, 43, 44] ). Let us consider a theory with the free energy F [φ] = d 3 x F(φ, ∂φ) and assume that φ = φ 0 (x) is a static solution minimizing F [φ]. In the following, we assume that the free energy density F respects rotational and translational symmetries. If φ 0 is modulated in one direction and is homogeneous in the transverse directions, one can write it as φ 0 (x) ∝ f (q · x), where q is a vector parallel to the modulated direction and f (·) is a dimensionless function. Now we consider a translational fluctuation corresponding to the phonon around this solution, φ(x) ∝ f (q · x + qu(x)) with q = |q|. Plugging this function into F [φ] and expanding in powers of u and ∇u, one obtains the effective theory for the u field.
1 The free energy has no Lorentz symmetry because it is broken by the existence of matter. Therefore, we do not take into account the Lorentz symmetry breaking as the breaking pattern. 2 In general, real kink crystals can be classified by the Frieze group.
The real kink crystal discussed in this paper has the Z Z 2 symmetry, where Z and Z 2 represent the glide reflection symmetry and the reflection symmetry at a certain vertical line, respectively.
Rotational symmetry of the original free energy implies that f (q · x) and f (q · x), with a rotated vector q , have the same value of F [φ]. Writing q ·x = q ·x+(q −q)·x, it follows that the fluctuation qu(x) = (q −q)·x does not cost any additional free energy. This imposes a constraint on the form of the effective theory. Suppose q points in the z direction, with no loss of generality. Under a rotation by θ about the y axis, the gradients of u are given by
hence (1+∂ z u) 2 +(∇ ⊥ u) 2 is invariant under the rotation. Then the effective theory of u invariant under rotation can be constructed as a function of (1+∂ z u)
2 + 1 and higher-order derivative terms such as ∇ 2 ⊥ u. A total derivative term ∂ z u would be allowed in the effective theory if we only require the stationary condition for F under a variation of φ with fixed boundary conditions. However, global minimization of F excludes this term, which can be seen as follows. Consider a fluctuation u = εz over the ground state φ 0 (z). It corresponds to a dilatation z → (1 + ε)z. In the presence of a term ∝ A∂ z u in F, this u will generate an energy shift
indicating that there exists a lower-energy direction when A = 0. In other words, we have A = 0 when the condensate is the ground state. This observation imposes a constraint that F should depend on 2∂ z u + (∇u) 2 at least quadratically. Thus we conclude that the free energy density for the phonon assumes a form
at the leading order of the derivative expansion, with lowenergy constants B and C. In deriving (4) we exploited the fact that the term (∂ z u)(∇ 2 ⊥ u) is prohibited if we assume parity invariance at low energy (see Appendix E 3 for more details). Here we emphasize that the absence of (∇ ⊥ u) 2 in F makes the dispersion of u strongly anisotropic.
Such an anisotropic dispersion does not appear when the rotational symmetry is explicitly broken, just as in QCD under external magnetic fields. This is shown in Appendix A.
III. REAL KINK CRYSTAL
In this section, we study the long-wavelength fluctuations of the real kink crystal chiral condensate within the NJL model in the chiral limit. The real kink crystal is known to be energetically favored over a spatially homogeneous chiral condensate in a certain range of temperature and chemical potential [15] . We analyze the GL free energy of the NJL model near the Lifshitz point and derive the elastic free energy of phonons and pions on the kink crystal on the basis of Bloch's theorem for particles moving in a periodic potential. For simplicity we will not consider dynamical aspects of those fluctuations and also ignore gapped fluctuations.
A. Phase diagram
According to Nickel's work [14] , the GL expansion for the (3 + 1)-dimensional NJL model in the chiral limit, to sixth order, reads
Here the real-valued field M (x) represents the chiral condensate. For simplicity, the pionic condensates ψiγ 5 τ a ψ are suppressed at this stage. The neutral pion fluctuation will be later incorporated in Sec. III D, and a fully isospin-symmetric form of the GL expansion is presented in Appendix B.
The coefficients in the GL expansion (5) are given as functions of temperature (T ) and chemical potential (µ) [14] 
where G is the four-fermion coupling in the NJL model and N c and N f are the numbers of colors and flavors, respectively. The momentum integrals for α 2 and α 4 are ultraviolet divergent and must be regularized with some regularization scheme. This GL expansion is valid near the QCD critical point at which α 2 = α 4 = 0. We require α 6 > 0 for stability. To find the correct ground state of the GL free energy, we have to solve the GL equation:
If we assume a one-dimensional modulation in the z direction, the GL equation reduces to that of the GN 2 model, which has a family of solutions [22] [23] [24] given by
where q is a function of ν through the relation
One can easily check that M 0 with (9) satisfies the GL equation (7) . 3 The elliptic parameter ν ∈ [0, 1] is not determined by the GL equation alone and must be fixed from the requirement of lowest energy per period. ν controls the shape of the solution; sn(z; 0) = sin z and sn(z; 1) = tanh z. We can identify the solution sn(z; 1) as the homogeneous solution because thermodynamically tanh z is equivalent to a spatially homogeneous configuration. Let L be the period of M 0 and Q the wave number of M 0 , respectively given by
where
is the complete elliptic integral of the first kind. In what follows, we denote the average of a periodic function as
To map out the phase diagram near the tricritical point, we need to evaluate (6) for given T and µ. In this work, the Matsubara sum in (6) was done analytically, whereas the momentum integral was regularized by a three-momentum cutoff Λ. (See Appendix C for additional comments on the choice of regularization.) In this work, we have used the parameter set in [46] : Λ = 632 MeV and GΛ 2 = 2.173. The value of ν at a given (T, µ) was numerically determined through minimization of the GL free energy per period
Then q immediately follows from ν via (9).
In Fig. 1 , we show the resulting phase diagram of the GL-expanded NJL model (5) . Strictly speaking, the GL analysis is only valid in a region with a small order parameter and small spatial variation, so the phase structure shown here is only intended to be a qualitative guide. In the red region, the kink crystal chiral condensate (0 < ν < 1) is energetically favored, while in the green region, the homogeneous chiral condensate (ν = 1) develops. The three phases (real kink crystal, homogeneous and symmetric phases) meet at the Lifshitz point, (T, µ) = (81.4, 276.4), at which α 2 = α 4 = 0. The real kink crystal phase is very narrow near the Lifshitz point and is almost invisible in the plot. The phase structure from our numerical calculation is consistent with analyses with a non-expanded effective potential [15] that the real kink crystal phase in Fig. 1 appears to be broader at low temperature. The phase boundary in our results are consistent with Nickel's observation [14] that the real kink crystal phase is favored if α 2 > 0 and
In Fig. 2 , we plot the root-mean-square condensate
and the wave number Q of the real kink crystal at T = 70 MeV and T = 10 MeV. It is observed that both phase transitions (from the kink crystal phase to the homogeneous and to the symmetric phase) are of second order: At the transition with lower µ, the wave number gradually rises from zero, implying the formation of widely separated domain walls. On the other hand, at the transition with higher µ, the amplitude of M vanishes smoothly with keeping a nonzero wave number. This behavior is consistent with the preceding work with a non-expanded potential [15] .
B. Phonons
We would like to derive the elastic free energy of phonons originating from the spontaneous breaking of translation symmetry in the real kink crystal phase. Let us substitute into (5) and expand in u, dropping total derivatives. Then where 2 is present in (15) even though the general theory in Sec. II suggests that this term should be absent in the effective action of low-energy modes. This is not a contradiction: since the expansion (15) includes functions f 1 , g 1 , etc., that vary over the microscopic length scale L, we cannot immediately infer the dispersion of modes with wavelength much longer than L from there.
As emphasized in Sec. II the free energy of a modulated condensate must be invariant under a spatial rotation. This can be checked for (15) as follows. An infinitesimal rotation about y axis is equivalent to a displacement field u(x) = − sin θ x+(1−cos θ)z with |θ| 1. Plugging this into (15) and expanding in θ, we find the leading term to be 1 2 g 1 (z)θ 2 . Then, for the rotational symmetry to be preserved, the average of g 1 must vanish:
A direct proof of this equality based on the minimization of energy is given in Appendix D for completeness. We remark that (17) is not automatically ensured by the GL equation (7) [or equivalently (9)] alone-we must minimize the energy per period, to have (17) satisfied. It will be shown below that the property (17) is instrumental in making the dispersion of phonons anisotropic, in accordance with the general argument in Sec. II. To evaluate the low-energy phonon fluctuation on the real kink crystal, let us consider the eigenvalue equation
with
The eigenvalue equation in the explicit form reads
where {} + denotes the anti-commutation relation and
As the operator H u acting on u is real and Hermitian, the eigenvalue E is real, and we can elevate u to a complex-valued function without changing the eigenvalues. We note that E itself does not give the dispersion relation of the phonon, but is rather related to the phonon susceptibility. The dispersion relation can in principle be obtained from the time evolution equation, but it is complicated because of the mixing with hydrodynamic modes (see, e.g., [32] ) and will not be discussed further in this paper.
Since all the coefficient functions are periodic functions sharing the same period, it follows from Bloch's theorem that u can be decomposed into a plane wave and a periodic function,
where k ⊥ is the momentum in transverse directions, k z is the so-called crystal momentum, and φ(z) is a periodic function, viz. φ(z + L) = φ(z). Substituting (22) into (20) yields an eigenvalue equation for φ, which we have solved numerically by way of a Fourier decomposition φ(z) = nmax n=−nmax φ n e inQz / √ L with n max = 20. To see convergence, we have increased n max up to 30 and confirmed that the results are unchanged.
In Fig. 4 , we show the eigenvalue E numerically computed for varying k z and k ⊥ . A marked difference from the eigenvalue of particles in a free space is that there are infinitely many levels for given momenta, in analogy to electrons in metals which develop a band structure.
It is the lowest eigenvalue E 0 (red curves in Fig. 4 ) that pertains to the free energy of long-wavelength phonons. By adopting a variational approach, one can rigorously show that E 0 behaves for k z ∼ k ⊥ ∼ 0 as
where B and C are functions of T and µ. The absence of the O(k (23) is guaranteed by the property (17) . The proof of (23) is somewhat technical and is relegated to Appendix E. Equation (23) shows that the elastic free energy of low-energy phonons becomes
One may suspect that the coefficient B would be given by f 1 . However, as shown in Appendix E, this naive guess is incorrect; the coupling between φ 0 and φ n =0 is not negligible even in the perturbation series in k z .
To extract the values of B and C from eigenvalues, we have numerically fitted the curve of E 0 with trial func- Figure 5 shows B and C at T = 70 MeV and T = 10 MeV obtained this way. Notably, B and C in Fig. 5 are positive throughout the real kink crystal phase, which proves local stability of this condensate in agreement with numerical results in [17] . Because the phonon mode exists only in the real kink crystal phase, it is natural that both coefficients tend to zero at the phase boundaries, although the eigenvalues E were too small near the left boundary for T = 70 MeV to perform a reliable fitting.
We mention that the spectrum of gapless excitations over the same background (8) has also been worked out in [45] with entirely different methods. However a direct comparison is difficult owing to the fact that the model in [45] is non-relativistic and in one space dimension, while our model is relativistic and in three space dimensions.
C. IR divergence and quasi-long-range order
Next, we wish to evaluate the impact of thermal fluctuations of phonons on the stability of the real kink crystal. Taking the Fourier decomposition M (x) = n M n e inQ(z+u(x)) / √ L, treating u in the Gaussian approximation and ignoring the pion fluctuation, we obtain
where we have only incorporated the lowest Matsubara mode since it is dominant in the infrared. The momentum integral is IR divergent and is regularized by a cutoff ⊥ . One can regard ⊥ as the transverse diameter of the quark matter in a compact star. In the thermodynamic limit ⊥ → ∞, the condensate (25) drops to zero with negative powers of ⊥ , implying that the one-dimensional modulation is wiped out by thermal fluctuations at any low T > 0, a phenomenon known as the Landau-Peierls instability. In fact, if the average amplitude of displacement fluctuation exceeds the interval of layers, it does not make sense to speak of a spatial long-range order. We emphasize that this instability persists even at nonzero quark masses, since it originates from phonons that remain elastic regardless of the quark masses. In the thermodynamic limit, the system instead exhibits a quasi-long-range order. Expanding M in Fourier series and ignoring non-Gaussian effects and pion fluctuations, we find that the correlation function of the order parameter behaves for |x| L as
In the intermediate step, we have dropped terms with n = −m since their momentum integrals are infrared divergent. The exponent η c above is defined by
which was originally introduced by Caillé [47] . Such an algebraic decay of the order parameter correlation has been known to appear in the smectic-A phase of liquid crystals [25, [31] [32] [33] , in the FFLO phases of fermionic superfluids [34, 37, 38] and in the modulated pion condensation in nuclear matter [48] . Such a slow decay of the order parameter suggests that it would be hard in practice to distinguish it from a true long-range order.
In Fig. 6 , we show the critical exponent η c at T = 70 MeV and T = 10 MeV. Within numerical precision, η c appears to go to infinity at the ends of the modulated phase. This is physically acceptable because an exponential decay of the connected two-point function is expected both in the symmetric phase and in the homogeneous broken phase.
Although M (x) = 0, a closer look at steps leading to (27) shows that M (x) 2 = 0 in this phase. The real kink crystal phase is thus characterized by a homogeneous higher-order condensate consisting of four quarks, which is qualitatively distinct from the naive mean-field phase with M (x) = 0. These phases may be distinguished by (Z 2 ) R × (Z 2 ) L symmetry that flips signs of quarks of each chirality independently. Such a novel higher-order condensate is discussed for the FFLO phase of nonrelativistic fermions in [34, 37, 38] .
The large fluctuation of phonons can be suppressed by several factors: (I) strictly zero temperature, (II) higher-dimensional modulations, (III) coupling to an external vector field (e.g., a magnetic field) and (IV) a finite volume. In case II, the phonon fluctuations no longer cause infrared singularity because the number of spatial directions with a quadratic dispersion decreases [25] . However, it is still an open problem whether higherdimensional modulations can be energetically favored over a quasi-long-range-ordered phase. Case III is due to the fact that, as laid out in Appendix A, the explicit breaking of rotational invariance leads to a non-vanishing (∇ ⊥ u) 2 term. This leads to an interesting observation that inhomogeneous condensates in QCD under magnetic fields [49] [50] [51] [52] [53] could be stable against fluctuations.
Next, we shall analyze the finite-volume effect of case IV in detail. If the system size is finite, u 2 remains finite because the IR divergence is cut off. This is true for putative quark matter inside neutron stars. Roughly speaking, if u 2 < L 2 , the one-dimensional structure is expected to remain, while it is likely to be wiped out when u 2 > L 2 . Using (26), we define the crossover length ξ ⊥ as a scale below which the one-dimensional modulation persists,
which grows rapidly as the temperature decreases. The
The crossover scale ξ ⊥ and the period L of the kink crystal at T = 70 MeV (top) and T = 10 MeV (bottom). The dotted vertical lines mark the boundaries of the modulated phase. Although L ≡ 2π/Q diverges at the left boundary of the modulated phase (recall Fig. 2) , this is not visible in these figures due to limited numerical precision.
periodic structure of the condensate will survive if the size of the quark matter is in the window L ξ ⊥ . Figure 7 shows the crossover scale ξ ⊥ together with the period L of the real kink crystal at T = 70 MeV and T = 10 MeV. It is observed that L is of order 1 fm throughout the modulated phase, while ξ ⊥ has a strong T and µ-dependence. At high T , soft phonons are so easily excitable that the crossover length is comparable with the period. Thus, there is no vestige of a one-dimensional crystal at high temperature. On the other hand, at low T ( 10 MeV), the situation is different. As shown in the lower panel of Fig. 7 , there is a region in which ξ ⊥ is macroscopic, i.e., of order 1 km (= 10 18 fm), which would be presumably large enough to accommodate a quark core of neutron stars. Although the GL expansion is not quantitatively reliable at such a low temperature, our conclusion that the real kink crystal condensate persists only at very low temperatures should be qualitatively correct.
D. Pions
Next we proceed to the analysis of gapless pions that stem from the spontaneous breaking of SU(2) R × SU(2) L to SU(2) V . Unlike phonons that only emerge in the modulated phase, pions show up both in the homogeneous broken phase and in the real kink crystal phase, and hence it is of great interest to investigate the nature of pion fluctuations across the transition between these two phases. Since the vectorial isospin symmetry is intact in both phases we will only take account of the neutral pion fluctuation for simplicity, and defer a fuller analysis to Appendix B. As in [14, 15] , let us make M complex as M (x) ≡ −2G[S(x) + iP 3 (x)], with S(x) = ψψ(x) and P 3 (x) = ψiγ 5 τ 3 ψ(x) . It has been shown by Nickel [14, 15] that, assuming a one-dimensional modulation, the (3 + 1)-dimensional GL Lagrangian for M can be obtained from that of the chiral Gross-Neveu model [22] [23] [24] , leading to the result
Now we shall follow the same route as for phonons. In the following, π 0 will be denoted as π in order not to clutter notation. Substituting
into (5) and expanding in π, we obtain
We note that, unlike the phonon,
The eigenvalue E π of pions may be derived from the eigenvalue equation
In a more explicit form, it reads
Since the structure of (37) is identical to the case of phonons (20), one can apply the same techniques to solve it. On the basis of Bloch's theorem, π may be decomposed as
for a crystal momentum k z and transverse momenta k ⊥ . φ(z) is a periodic function with period L. Substituting this decomposition, we arrive at an eigenvalue equation for φ, which can be solved with the same numerical methods as for phonons.
In Fig. 8 , we show the eigenvalues E π for varying k z and k ⊥ . To analyze the lowest eigenvalue E π,0 (red curves in Fig. 8) , we have used a variational method along the lines of Appendix E, which shows that the leading behavior of E π,0 near k z = k ⊥ = 0 is given by
and F 2 is a positive function that has to be computed numerically. The elastic free energy of low-energy pions is therefore
Since F 2 ⊥ = 0, pions on the real kink crystal have a linear dispersion in all directions, in contrast to phonons. Thus the thermal fluctuations of pions neither cause any infrared divergence nor destroy the long-range order. F 2 ⊥ and F 2 at T = 70 MeV are shown in Fig. 9 . In the homogeneous broken phase, the system is isotropic and
In the kink crystal phase, the system is anisotropic and the coefficients no longer coincide. In our calculation, in the kink crystal phase, F 2 > F 2 ⊥ holds at any temperature and chemical potential. 
IV. CONCLUSION
In this paper, we presented a first systematic study of low-energy fluctuations in the real kink crystal phase of the NJL model. The elastic free energy for the phonon was shown to be (∂ z u) 2 in the longitudinal direction and
2 in the transverse directions with respect to the modulation of the condensate, which had an important consequence of vanishing order parameter, exhibiting a quasi-long-range order. We argued that, since the correlation function decays only algebraically, the real kink crystal may be sustained in compact star cores if the temperature is sufficiently low. Our analysis, which should be reliable at least near the critical point, suggests that fluctuation effects that are missed in the mean-field treatment change the nature of inhomogeneous chiral condensation qualitatively.
This work can be extended in various directions. The NJL model used here can be extended with the inclusion of vector interaction [16] , or one can use the quark-meson model [15, 19] ; in either case, the phase structure would be quantitatively modified. For a fuller understanding of the phonon fluctuation, we need to consider anharmonic effects due to the O(uFinally we note that for phenomenological applications to the physics of compact stars it would be important to incorporate effects of nonzero quark masses, isospin chemical potential, electromagnetic interactions and color superconductivity, which deserves further investigation.
Note added
While this work was being completed, we learned of an independent work [57] where the low-energy fluctuations over a Fulde-Ferrell type inhomogeneous chiral condensate were discussed. That condensate breaks translational and internal symmetries in a different way from the real kink crystal considered in our work, and hence produces a different number of Nambu-Goldstone modes. In this Appendix we present a simple argument based on the method of [44] showing that a coupling to an external vector field modifies the dispersion of phonons in a qualitative manner.
Let us start with a theory with no vector field. Suppose φ = φ 0 (z) is a modulated static solution that minimizes the rotationally symmetric free energy
. Now we consider a translational fluctuation corresponding to the phonon around this solution, φ(x) = φ 0 (z + u(x)). Plugging this into F [φ] and expanding in powers of u and ∇u, one obtains the effective theory for the u field. Since u always appears in the form, z + u, the effective free energy is constructed from scalar functions of z + u, their derivatives, and δ ij .
More concretely, the ingredients with one and two derivatives are
respectively. These ingredients are compatible with the original symmetry as they should be. For example,
automatically reproduces the rotationally invariant combination derived in Sec. II. It is now straightforward to combine these ingredients and derive the leading phonon free energy
Just as we discussed in Sec. II, the total derivative term, ∂ z u, linear in u is prohibited by the minimum-energy condition, so that we have A = 0 and F reduces to (4) after taking into account higher derivative terms. The reader is referred to [44] for more details of this method. We shall then proceed to a discussion on the elastic free energy in the presence of an external vector field v i . Such a situation is pertinent to modulated chiral condensates in QCD with an external magnetic field. Now one can use v i in addition to the previous ingredients (A1), so that the following interaction can appear in the free energy for example:
The simplest modification of (A5) will then be
We notice here that the total derivative terms in the linear order arise from both of the A and v i couplings. If the vector v i is an external field, i.e., a non-dynamical field, and takes a value
the linear order terms cancel out:
Therefore, when an external field v i explicitly breaks the rotation symmetry, the (∇ ⊥ u) 2 term need not vanish, which can be realized without spoiling the minimumenergy condition of the condensate. The dispersion of phonons becomes linear in all directions, implying that the severe infrared divergence at finite temperature (cf. Sec. III C) is ameliorated.
It would be important to note that the non-vanishing (∇ ⊥ u) 2 term in the free energy does not arise if the vector is dynamical (i.e., not external) and its condensation is aligned in the z-direction. In such a case, we have gapped fluctuations associated with the spontaneously broken rotational symmetries, just as in the smectic-A phase of liquid crystals. The free energy after integrating out those gapped fluctuations turns out to be the same as the one without dynamical vector fields, (4), which results in a strongly anisotropic dispersion of phonons.
Appendix B: GL expansion with pions
In this Appendix, we incorporate pionic modes into the effective theory (30) so that it becomes manifestly invariant under SU(2) R × SU(2) L . It is convenient to work with the matrix field
where {τ a } are the Pauli matrices. Under
In the main body of this paper, we have employed the momentum cutoff to regularize UV divergences in the NJL model. Although the momentum cutoff is subtle in the presence of a modulated condensate as is claimed in [14, 20] , our work is concerned with the GL expansion around a homogeneous vacuum, and so this problem is unlikely to obstruct our present analysis. We would also like to add that the phase structure including a modulated phase has been found to be quite robust against varying regularizations [58] . That being said, however, it would be desirable for theoretical completeness to have an alternative derivation of regularized GL coefficients that is free from the above subtlety. In this Appendix we shall demonstrate one of such regularization methods.
Let us start from the mean-field thermodynamic potential of the NJL model in Euclidean spacetime,
The functional determinant suffers from UV divergences, and one has to specify a regularization scheme. The conventional three-momentum cutoff is not useful for a generic inhomogeneous mean field, whereas the Schwinger proper-time regularization [59] is tricky at nonzero chemical potential [60, 61] . Now we introduce a new regularization scheme free from these problems, based on the formula
See [62, 63] for the relation of this approach to the naive proper-time regularization. The methodology of derivative expansion is well known [64] , and we shall be brief here,
where the "tr" denotes a trace over spinor indices, Λ is a UV cutoff,
For the purpose of obtaining the GL expansion up to 6th order, it suffices to expand only up toÔ 4 . After a bit of algebra involving a trick p i p j → δ ij p 2 /3 and integration by parts, we obtain omitting the subscript "GL" for brevity]
In the step from (D7) to (D8), we used the relation ∂M ∂λ = z λ M . Now, plugging 1 , 2 and 3 into (D3) and taking the limit λ → 1, we obtain
Recalling that Ω GL [M ] is given by (5), this translates into
which reduces to g 1 = 0 via integration by parts. This completes the proof. We stress that the stability of the condensate under dilatation has played an essential role here.
Appendix E: Variational analysis for the lowest eigenvalue spectrum of phonons
In this Appendix we apply a variational technique to the eigenvalue problem (20) and show that the energy of long-wavelength phonons is given, at leading order, by (23) . First of all, we note that, among infinitely many energy levels that follow from (23) , it is only the lowest level E 0 that matters for the low-energy phonons. Then it is easily seen that E 0 for given k = (k ⊥ , k z ) is given by the formula E 0 (k) = min u∈U(k)
where U(k) stands for the set of smooth functions of the form u(x) = e ikzz e ik ⊥ ·x ⊥ φ(z) ,
1. Eigenvalue with k⊥ = 0 and kz = 0
Now we consider E 0 for nonzero transverse momenta. Substituting (E2) with k z = 0 into (E1), we get
where the primes denote derivatives by z and we defined g 1 ≡ g 1 + h 1 . When k ⊥ = 0, the minimum is trivially E 0 = 0, which is achieved by an arbitrary constant solution: φ(z) = φ 0 = 0. Now for sufficiently small k ⊥ , we can expand φ that corresponds to the minimum of (E3) in perturbative series of k ⊥ as
Plugging this into (E3) yields 
Since E 0 (k ⊥ ) is the minimal eigenvalue, the leading coefficient β 2 * must be at the minimum as a functional of φ, i.e.,
As f 1 and f 2 are positive functions, the minimum trivially occurs when φ 1 = 0. Thus,
where the last equality is proved in Appendix D.
Next substituting the solution φ 1 = 0 into β 3 [φ i ], we readily find that the coefficient of k 
(E11)
Finally we come to the coefficient of k 4 ⊥ . Since it is the leading nonzero term in E 0 (k ⊥ ), it must be minimized as a functional of φ. Substituting φ 1 = 0 into β 4 [φ i ] and using β 2 * = β 3 * = 0, we obtain
Although it is not analytically tractable, one can in principle determine φ 2 that minimizes the integral by solving the Euler-Lagrange equation
with periodic boundary conditions. Summarizing above, the eigenvalue E 0 for transverse momenta is given by
2. Eigenvalue spectrum with kz = 0 and k⊥ = 0
Next we consider E 0 for parallel direction,
When k z = 0, the minimum is trivially E 0 = 0, corresponding to a constant solution φ(z) = φ 0 = 0. Now, for sufficiently small k z , one can expand φ that achieves the minimum of (E15) in a perturbative series of k z as
